(1) (a)If  X  is a non-empty set and  p  is a point in X, then the collection   

Ք = { X, M ( X      :       p ( M}  forms a topology on  X.

Solution.  (T1) Obviously  p ( ( ( Ք  and also  X ( Ք.
(T2)  Let  G, H ( Ք.  Then   p (G    and   p (H,  

       therefore,   p ( G  ( H .   

       Hence,    G  ( H ( Ք.   
i(I.  Then   p ( Hi,         (    i(I,  Hi ( Ք,   where     Let ((T3
       therefore,    p ( 
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That is  Ք  is a topology on  X.

(b) If   ¢ = {(, H ( X      :      Hc  is finite}. Then ¢  forms a topology on X.         Solution.  (T1) Obviously  ( (¢  and since  Xc = (  is finite, then  X(¢.
(T2)  Let  G, H ( (. Then  Gc  is finite, also  Hc  is finite  
       therefore,   (G  ( H)c = Gc  ( Hc  is finite,
       consequently,   G  ( H (¢.
i(I. Then  Hic  is finite,        (    i(I,  Hi ( ¢,   where     Let ((T3
       therefore,   (
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Which shows that  ¢  is a topology on  X.

(2) (i) Let  {Hi}i(J  be the fmily of all open sets. To prove that  int A    is the larget open set include in A, we must show that      
= ( { Hi         :       Hi ( A,   Hi( (}                                                  int A   
 So, take  ( ( int A
       (   (   H ( (    s.t.    ( ( H ( A
       (   ( ( ( { Hi            :        Hi ( A,   Hi( (}

       (   int A  ( ( {Hi      :        Hi ( A,   Hi( (}                 (1)
Conversely, take  ( ( ( {Hi       :     Hi ( A,   Hi( (}    
      (   (   Hio ( A,  Hio ( (      s.t.     ( ( Hio
      (   (   Hio ( (,    s.t.    ( ( Hio ( A
      (    ( ( int A
      (  ( {Hi           :      Hi ( A,   Hi( (} ( int A                                    (2)

From (1), (2) we have    int A = ( {Hi            :      Hi ( A,   Hi( (}.

Since the union of open sets is an open set, then  int A  is the largest open subset of  A.
(ii) take ( ( int A  ( int B
  (   ( ( int A   or    ( ( int B
  (   (  G, H ( (    s.t.    ( ( G ( A    or   ( ( H ( B
  (   (  G ( H ( (  s.t.     ( ( G ( H ( A ( B
  (   ( ( int (A ( B).

This proves that   int A  ( int B ( int (A ( B).

The following example shows the equality need not be hold.
Let  ( = {X, (, {(}, {(, (}} be a topology on  X = {(, (, (} and 
A = {(, (},  B = {(, (} ( X. It is obviously that                                  
int A = {(},   int B = {(}   (   int A ( int B = {(}.

While   int (A ( B) = int ({(, (} ( {(, (}) = int X = X.                          

Thus,  int (A ( B) = X ( {(} = int A ( int B.

Hence,  int A ( int B ≠ int (A ( B).

(iii) From definition we have

int A  (  ext A = (,    int A  (  b(A) = (  and    ext A  (  b(A) = (.  Also,
int A ( ext A ( b(A) = int A ( ext A ( [ (int A)c ( (ext A)c ]

                        = [int A  ( ext A (  (int A)c] ( [int A ( ext A ( (ext A)c]
                        = [ X ( ext A] ( [ int A  ( X]

                        = X ( X 

                        = X.

(iv) It follows that  A/ ( (A ( B) / and  B/ ( (A ( B) /. Then           

     A/  ( B/ ( (A ( B) /,                     (1).                               
 Conversely, we prove that  (A ( B) / ( A/ ( B/. Take  ( ( A/ ( B/, we      

 have  ( ( A/ and  ( ( B/ and hence there exist neighborhoods V, W ( N (   

 such that  (V ( {(}) ( A = (   and  (W ( {(}) ( B = (.                          
 But  V ( W ( N (  satisfies   [(V ( W) ( {(}] (  (A ( B) = (. Then       
                         ( ( (A ( B) /,  which proves that                               

  (A ( B) / ( A/ ( B/,                     (2).                         

                                          .          From (1), (2) we get  (A ( B) / = A/ ( B/  
(iiv) Follows immediately from, if A(B , then   A / ( B/.

(3)  (i) implies (ii) : If  h  (X, () (( (Y, () is continuous and  F  is 
(-closed set, then  F c  is  (-open. Hence  h(1 (F c) is (-open.

But,  h(1 (F c) = [h(1 (F)] c, that is  h(1 (F)  is (-closed set.

(ii) implies (i) : Let  H  be  (-open set. Then  H c  is  (- closed, so by (ii)

     we have   h(1 (H c)  is (-closed set.

     But,  h(1 (H c) = [h(1 (H)] c, that is  h(1 (H)  is (-open set and hence h 

       is continuous. 

(ii) implies (iii) :  If  A ( X  and since  h(A) ( 
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    A ( h(1 ( h(A)) ( h(1 (
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  is  (-closed set, so by (ii) we have  h(1 (
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    Thus,  
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(iii) implies (ii) : Let  
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,  for every  A ( X . Take  F  is 
     (-closed set and put  B = h(1 (F). Then by (iii) we have 
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         ( h(1 
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 = h(1 ( F) = B ( 
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Which meaning that  
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 = h(1 (F)  is (-closed set.

If (X, () and (Y, () are topological spaces and  h  is a mapping from X into Y, then the following statements are equivalent :

(i) The mapping  h  is continuous ;

(ii) If the inverse image under  h  of every  (-closed set is  (-closed set ;

(iii) If  A ( X,  then  
[image: image23.wmf])

(

A

h

 ( 
[image: image24.wmf])

(

A

h

.

_1512895777.unknown

_1512895781.unknown

_1512895785.unknown

_1512895789.unknown

_1512895791.unknown

_1512895792.unknown

_1512895793.unknown

_1512895790.unknown

_1512895787.unknown

_1512895788.unknown

_1512895786.unknown

_1512895783.unknown

_1512895784.unknown

_1512895782.unknown

_1512895779.unknown

_1512895780.unknown

_1512895778.unknown

_1512895773.unknown

_1512895775.unknown

_1512895776.unknown

_1512895774.unknown

_1512895771.unknown

_1512895772.unknown

_1512895770.unknown

