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Faculty of Science                    Third level(Math. )                    21 / 1 /  2016 
Math. Department    (Quantum &Statistical) Mechanics M331       Time: 2 hours 
====================================================== 
First Part: Mathematical Foundations of Quantum Theory (one hour) 

 
Answer the following questions: 
1.a Show that: the eigenvalues of a unitary operator are complex numbers 

of unit modulus and its eigenvectors corresponding to unequal 

eigenvalues are mutually orthogonal?                                   (10 Marks) 

1.b 
State the postulates of quantum mechanics.                          (10 Marks)                

2.a Prove that: )*Im()();(
x

txj

 


  where );( txj  is the probability 

(particle) current density vector and   satisfy Schrödinger time 

dependent equation.                                                              (10 Marks) 

 
2.b A particle of a mass   is located in a unidimensional square potential 

well with absolutely impenetrable walls )0( lx  . Find  

(a) The energy eigenvalues and corresponding normalized 

eigenfunctions of the particle. 

(b) The probability of the particle with the lowest energy (ground 

state) being within the region )
3
2

3
( lxl  .                (10 Marks) 

 
 

Look the Statistical Mechanics Exam            
 
 
                    Dr. Khalil Mohamed 
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  :a.1إجابة السؤال 
Proof:  
Let Û  be a unitary operator, where 0;ˆ0;ˆ  jjjjiiii UandU  . Let  

 . Nowjiorji  f 
)(),()ˆ,ˆ( * iUU ijijij   

By definition  
)(),()ˆ,ˆ( iiUU ijij   

)()( iiandifrom  
)(0),)(1( * iiiijji   

    0),)(1( *  iiii   then )(iiiinji  if  
110)1( 2*  iiii then 0),( ii Since  

Thus the eigenvalues are complex numbers of unit modulus. 
by assumption ji    then  )(iiiinji  if  

110)1( 2*  iiii then 0),( ii Since 

11 *2**  jijjjjiji then  
0),(  ij from (iii)    

Therefore, eigenvectors corresponding to unequal eigenvalues are mutually orthogonal. 
 

 :b.1جابة السؤال إ
*The postulates of quantum mechanics are: 
 
1)-Postulate I: Every physical state of a dynamical system (a particle) is represented at a 
given instant of time t  by normed vector 

t  in H . It is assumed that the state vector 
contains all the information which one can know about the state of the system at that 
instant of time.     and ie   where *   represent the same physical state. 
 
2)- Postulate II: To every dynamical variable A  there corresponds an observable Â  . 
The observable x̂  and p̂  must satisfy  ˆ ˆ,x p i  .  The rules for constructing the 
observable Â  corresponding to the dynamical variable A , in the x rep  are as follows: 

ˆˆ ˆ( ) , ,

ˆ( ) ( , , ) ( , , ).

di x x x t t t p p i
dx

dii A x p t A A x i t
dx

      

  





  

3)- Postulate III: If a particle is in state 
t , a measurement of  a dynamical variable  A   

  which is represented by the observable Â  and  

   willˆ ˆ, , 1n n n n n nm a i i
i

A a          

 *yield one of the eigenvalues ia   with probability 
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( ) i
ia

 


 
 

** If the result of measurement is ka , then the state of the system will change from  

  to k  as a result of measurement. 

 4)- Postulate IV: The state function ( , )x t  describing  the state of a dynamical system      

 obeys the following” Schrodinger time-dependent” equation whose Hamiltonian Ĥ  is 

ˆ( , ) ( , )i x t H x t
t
 




 

 
 :a.2إجابة السؤال 

Probability (particle) current density vector );( txj  
 
            );( txj  
 
 
                      x1                                                  x2 
 
The probability that a particle is inside the interval ),( 21 xx  at time t  is: 

 
2

1

2

1

),(),(),( *
x

x

x

x

dxtxtxdxtx   

The rate of change of probability for the particle to be inside ),( 21 xx  

  
2

1

2

1

),(),(),(),(),( *
21

x

x

x

x

dxtxtx
dt
ddxtx

dt
dtxjtxj          (1) 

 











2

1

2

1

)()),(),((
*

**
x

x

x

x

dx
tt

dxtxtx
t

  

Since 
t

iH




 ˆ  and 

t
iH





*

*)ˆ(   , then 

 


 )](
2

[ 2

22

xU
x

i
t







 


 and  UUxU

x
i

t







 **

2

22*

;)](
2

[ 


 


 

From which )(
2 2

*2

2

2
*

*
* 




xx
i

tt 












  . Substituting into (1) 

2

1

2

1

2

1

)(
2

)(
2

)(
2

),(),(

*
*

*
*

2

*2

2

2
*

21

x

x

x

x

x

x

xx
i

dx
xxx

idx
xx

itxjtxj














































 




     (2) 

),( 1 txj ),( 2 txj
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From (2) 

                         )(
2

),(
*

* 
 xx

itxj








                            (3) 

)Im()()Im()2)(
2

(),( **

xx
iitxj















 

  :b.2إجابة السؤال 

Number (a) 

  
The energy equation or Shrodinger equation may be written as: 

)1(0))]((2[ 2

2

 ExUE
dx
d 


 

According the potential regions, equation (1) becomes 

)2(

,0

0,21,0

0,0

2
















xl

lxEkk

x

III

IIII

I








 

The general solution of system (2) is 
 

 )3(0),cos()sin()( lxkxBkxAxII  
   
Continuity Conditions 

)4(
0)sin()()(

.0)0cos()0sin(0)0()0(








klAll
BBA

IIIII

III




 

For the non-trivial solution ,......2,1,0;0)sin(0  nnklklA   

,......2,1,0;  n
l

nk       then 2

22

2

2
21

l
nE

l
nE n 

 


 

,......3,2,1;
2 2

222

 n
l

nEn 
    is the eigenvalues. 

)5(,......3,2,1;)sin()(  nx
l

nAxE
  

And the normed state is 

2
0

2

0

2

0

2
22 2)2sin(

2
(

2
))(cos1(

2
1)(sin lAx

l
n

n
lx

A
dx

l
nA

dxx
l

nA l
ll

 



  

U(x) = ∞ U(x) = 0 

x 

I II 

U(x) = ∞ 

III 

Energy 
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lxnx
l

n
lxE  0,......3,2,1;)sin(2)( 

 is the normalized eigenfunctions 

Number (b) 

lxnx
l

n
lxE  0,......3,2,1;)sin(2)(   

In case of ground state 1n , then lxx
llxE  0)sin(2)( 

  

And the probability that the particle is inside the interval )
3
2

3
( lxl  become 

.
2

3
3
1

))2cos(1(
2
1.2)(sin2)()()(

3
2

3

3
2

3

2
3

2

3

3
2

3

*







  
l

l

l

l

l

l

l

l

dxx
ll

dxx
ll

dxxxdxx
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