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A TNIVE

First: Mathematical Foundations of Quantum Theory (M331) guestions

Find the adjoint operator A% if A=Y defined on L, ie.
la dx

Ag(X) = %w(x) with the boundary condition ¢(+w«)=0. (6 Marks)

1.b | Show that: the eigenvalues of a unitary operator are complex numbers
of unit modulus and its eigenvectors corresponding to unequal
eigenvalues are mutually orthogonal? (7 Marks)

1.c | A particle of mass x and energy E approaches a square potential
barrier U(x)=0, x<0and U(x) =Uq x20 where Uy >0 from the left.

Prove that the reflection coefficient R and the transmission coefficient
T satisfy the relation R+T =1 if E >Ug. (7 Marks)

2.a | State the postulates of quantum mechanics. (10 Marks)

2.b | A particle whose Hamiltonian H has discrete spectrum E,, where
U, (0 = B0, (0, <0n(X)]0n(X) >= 60, E, :(n+%)ha), N=0L2... is
described at t =0 by the normed state function

v (x;0) = \/gcoo (x) + \Ecoz (X) +C3005 (%)

(i) Determine the numerical value of C,.
(i) Write out w(x;t).
(iif) Whatis <E>,_, and <E >_,. (10 Marks)
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:1.a Jsmd) Als)
Proof: To obtain the adjoint operator, we take the inner product

(Ag,y) = T(Aqﬁ(x))*x//(x)dx=T%¢(x)*qx(x)dx then by partial integration

let u=w(x) and dv=%¢(x)*dx thisleadsto du=dy(x), v=¢(x)" then

T%Mx)*l//(x)dx =y () 9(x)’ : - Tqﬁ(x)*(%z//(x))dx . From the boundary condition

$0) =0 then [ 4007y (dx =0+ [400" (- y(0)K = (6. w) = (6 A'w)

CA -4
dx

1.b J)iged) Ala)

Proof:
whereUy, = Ay, ; v, #0and Uy, =2,w,; w, =0 be a unitary operator. Let U Let

A #A; for i=j . Now

Uy, Uy) =242y ,.v) (i)
by defiAnition

Uy, Uy) =,.v) (ii)
from (i) and (ii)

@- 242, )w,.w) =0 (iii)

then i=j in (iii)if A-2,1)(y,,w,)=0
Since (y,,w;) =0 then 1-244")=0= |4 =1 ~|3]=1
Thus the eigenvalues are complex numbers of unit modulus.
by assumption 4, = 4, then i= j in (iii)if
Since (y,.w,)#0then 1-2424")=0= |1 =1 .|a]=1
A% 2= aA] = A0 = (A, =Lthen 2,4, %1
from (iii) = ,.y;)=0
Therefore, eigenvectors corresponding to unequal eigenvalues are mutually orthogonal.

11.c Jlipadl dla
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The energy equation or Shrodinger equation may be written as:

d> 2u

W+7(E—U(X))]WE =0 @
According the potential regions, equation (1) becomes
v +kiy, =0, Ko :%1/2yE, Xx<0

(2)
" 1
wi + K2y, =0, k:EJZy(E—UO), x>0

The general solution of system (2) is
v, (x) = Aexp(ik,X) + Bexp(ik,x), x<0 @)
v, (X) = Cexp(ikx) + D exp(—ikx), x>0

Since the beam incident from the left, then D must vanish.
Continuity Conditions

v, 0=y, (0)=A+B=C }
w1 (0) =y} (0) = k,A—k,B =kC
From (4)
B:(ko_k)A and C=( 2,

ko, +K ko, +k
. k, —k .
exp(lkox)+(k I()exp(—lkox) x<0

+

ye(X) = A i (5)

Ko .
exp(ikx x>0
(k0+k) p(ikx)

(4)

)A Thus (3) becomes

ref

Since the reflection coefficient Rand the transmission T coefficient satisfy the relations R =

Jinc

and T = M respectively, where j(x,t) = (E) Im(w*(x’t)w)'

inc H X
Now, let us calculate RandT . From the values for A and B with equation (5), one gets

2
jinc :%|A|2’ ‘]ref = _%|B|2’ Jtran = ﬁ|C|2 S R= E = (ko _k)2
H H A k, +k
2

And T = L E = Lkz

Ko A (k, +k)
Thus

_ 2 2 2 2

R+T :(ko k)2 N 4k, k - ky — 2K,k +k 2+4k0k _ K, +2k0k4gk _

ko +k (ko +K) (ko +K) (ko +K)

2.2 J)smd) Al

*The postulates of quantum mechanics are:




1)-Postulate I: Every physical state of a dynamical system (a particle) is represented at a
given instant of time t by normed vector |y) in H. It is assumed that the state vector

contains all the information which one can know about the state of the system at that
instant of time. y and e“y where §” =5 represent the same physical state.

2)- Postulate I1: To every dynamical variable A there corresponds an observable A .
The observable % and p must satisfy [% p]=in. The rules for constructing the

observable A corresponding to the dynamical variable A, inthe x—rep are as follows:

(i)x—> K=x,t>1=t, p—>f)=—ihdi
X

(MMmpneAzMx4miﬁ.
dx

3)- Postulate I11: If a particle is in state |y) , a measurement of a dynamical variable A
which is represented by the observable A in the discrete spectrum
A|§0n>:a‘n|§0n>’ <§0n|§0n>:5nm’ 1a:Z|¢i><¢i| WI“

*yield one of the eigenvalues with probability a,

|<¢’i |‘/’>|2
(w]w)

P, (&)=

** If the result of measurement is a,_, then the state of the system will change from
lw) to |p,) as a result of measurement.
4)- Postulate 1V: The state function y(x,t) describing the state of a dynamical system

obeys the following” Schrodinger time-dependent” equationH whose Hamiltonian is

mgwun=ﬁwun

:2.b sl Aila)
@i - ||z//(x,0)||2 =1, (normalized) .'%+%+|c3|2 =1 :%+|c3|2 =1
o= >
* V10

Vsl slladl) 5
For finding w(x,t) then




 w(t) = Y exp(-iE, /1), (9) < ¢,(0 [w(x0)> and

p(x,0) = \/gcbo (x) + \/g% (x) + \/%%(X)

(X t) = \/gexp(—iEot/h) @, (X) + \Eexp(—iEzt/h)qﬂz (x) + \/%exp(—iE;/h) #(x) (D)
 E, =(n+%)ha) , n=0123,........

h 5%
Eo:%’ EZZTCU’ E, 2 (2)
From (1) and (2), we get

op(xt) = \/gexp(—ia)t 12) ¢ (x) + \/%exp(—iSa)t 12)¢,(x) + \/%exp(—ihot 12) ¢5(x)

Lals Csllaall 5

For finding the probability for particles that exist in the n level

<4, \/g¢o (x) + \E(/)z (x) + \/%%(X) >

1 3
Py (x,0) (E,) = E’ Py (x,0) (E;) =

v <E>=) p(E,)E, =3E0 +1E2 +3E3

2

Putcoy(En) =[< 8,00 [y (x.0)" =

where n=0,12,.....

1
P.,/(x,O)(Eo) :g’ 10

~ 5 2 10
il
Py (En) =< 8, 09 [y ()]
= <¢n(x>|\/g exp(-iot/2) ¢o(x>+\/g exp(—i5wt/2>¢2(x>+\/% exp(—i?wt/2>¢3(x>>2
where n=0,12,.....

Pyx) (Ep) =

gl ~

1 3
Py x) (E,) = E, Py xt) (E;) =

10
2 1 1 3
v <E> =§ E)E =—E,+—E, +—E
t>0 n:op( n) e AT

<E>_=<E>.
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