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Answer the following guestions: (80 marks) (Gaua A il 5 jall) 4l Alis) e ol

Question 1. s (A3 20) Jo¥ Jligead)

1- Showthat [(p — g) A (p v I)] logically implies (qv r)

2- Let R={(a,a),(a,d),(b,b),(c,c),(d,e),(e,a),(d,e)}be a relation on the set
{a,b,c,d,e}. What is the minimum number of elements which need to be

added to R in order that it becomes:
(i) reflexive; (ii) symmetric; (iii) anti-symmetric; (iv) transitive ?

3- Let A, B, C are sets, prove that:
. An(B-C)=(AnB)-C.
n. P(ANP(B)=P(AnB).

Question 2. (32,3 20) (SEY O igaad)

1. If a connected planar graph G has V vertices and E edges and dividing the plane into F
faces, then prove that: F=E -V + 2.

2. ArelationRon Z* xZ" is defined by (m,n)R(p,q) if and only if Mg = NP . Show
that R is an equivalence relation and describe the equivalence class of (2,5).

3. Design a logic network for the following so that the output is described by the
following Boolean expression: (X, @ X, @ X,) X,.

@ 43,40 Gals )
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Question 3. (Fa o 20y <t O gl

1. Define a switching function for the following system of switches:
A A5

A, A, A

2. Define a Boolean algebra (B,®,*, ,0,1) and forall b,,b, € B, prove that:
There is only one element b_l € B such that b, @ E =1land b, *b_l =0.

3. Find the matrix A?, where A be the adjacency matrix, for the following graph:
and write all edge sequences of length 2 joining V,,V,.

&
v, &
Vl
& e,/ |S
Vs, e7 V,
&
Question 4. (422 20) a2l J) gl

1. For any propositions p, g, r, Prove that: (p<>Q)<>r=p<>(q<>r).

2. Define Trees, the complete graph K, , the complete bipartite graph K, sand, for which
values of n, r, s, the graphs K, Kr,S are Eulerian?

3. Letf, gand h be functions f:R — R defined respectively by :
f(X)=(Bx*+3), g(xX)=x°, h(X)=+x*+2
Find expressions (f o h)(x), (heg)(X) ;

Zlaill s 5 sl i Culal aa
Good Luck ! Jladlae auadl aaas 2
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Question 1. -2 (A3 20) S5 J)isesd)
1- Showthat [(p —> q) A (P Vv )] logically implies (qv r)

J all
plajr|pep=>a) pvr | (eo2>aalevn | avr | [(p—=>a)A(pvi)]—>(qvr)
1]1]1] 1 1 1 1 1
11110 1 1 1 1 1
11011 0 1 0 1 1
11070 O 1 0 0 1
oj1;1, 1 1 1 1 1
0|10 1 0 0 1 1
0jo|1} 1 1 1 1 1
019010 1 0 0 0 1

2- Let R={(a,a),(a,d),(b,b),(c,c),(d,e),(e,a),(d,c)}be a relation on the set
{a,b,c,d,e}. What is the minimum number of elements which need to be
added to R in order that it becomes:

(if)  reflexive; (ii) symmetric; (iii) anti-symmetric; (iv) transitive ?

X

J

i) R={(d,d),(e,e)}

i) R={(d,a),(e,d),(c,d), (a.e)}
iy R=¢

iv)  R={(a,e),(d,a),(e,d),(a,c)}

4
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4- Let A, B, C are sets, prove that:
. Am(B-C)=(AmnB)-C.
v. P(A)NP(B)=P(AnB).

)

C.

AN(B-C)=An(BNC)=(ANnB)NC)=(ANB)-C

. P(A)NP(B)=P(ANnB)

Let X e P(A)NP(B) <= X € P(A) A X € P(B)
S XcAAXccB=XcAnB<= X eP(ANB)
< P(ANP(B)=P(ANB)

Question 2. (32,2 20) (SN O igaad)

1. If a connected planar graph G has V vertices and E edges and dividing the plane into F
faces, then prove that: F=E -V + 2.

JS Al

The proof is by induction on the number of edges of G. If E=0 thenV=1(G s
connected, so there cannot be two or more vertices) and there is a single face (consisting of the
whole plane except the single vertex), so F=1. therefore holds in this case. Suppose, now, that
the theorem holds for all graphs with fewer than n edges. Let G be a connected planar graph
with n edges; that is |[E| =n. If Gisatree, then|V|=n+1 and |F| =1, so the theorem holds in
this case too. If G is not a tree choose any cycle in G and remove one of its edges. The resulting
graph G is connected, planar and has n —1 edges, |V| vertices and |F|—1 faces. By the inductive
hypothesis, Euler’s formula holds for G_: |F|—1=(|[E|—1) —|V|+2
so |[F| =|E| —|V| + 2 as required

1. A relation R on Z" xZ" is defined by (m,n)R(p,q)if and only if Mgq=np.

Show that R is an equivalence relation and describe the equivalence class of (2,5).
J All
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For all positive integersaand b,ab=b a, so (a, b) R (a, b) for every

(a, b) €A, Therefore R is reflexive.

R is symmetric since if (a, b) R (¢, d) thena d =b ¢ which implies that

c b=d a, so(c,d)R (a,b).

To show that R is transitive, suppose (a, b) R (¢, d) and (c, d) R (e, f). This
means that ad=Db cand cf=de. wehave af=be.

This means that (a, b) R (e, f). Therefore R is transitive

And R is an equivalence relation

[(25)]={(xy)eZ" xZ" : 2y=5x }.

2. Design a logic network for the following so that the output is described by the
following Boolean expression (X, @ X, @ X,) X,.

)

C.

Xy )
:: — o0 —') |
— o
Question 3. (da_d 20) SN J) gead)
1. Define a switching function for the following system of switches:
A A, A
A, A, A
J al)

f(Xg, X0, Xa) = (3 @ X, X3) (X, X3 D X,)

2. Define a Boolean algebra (B,®,*, ,0,1) and for all b;,b, € B, prove that:
There is only one element b_1 € B such that b, @E =1land b, *b_1 =0.

Xl

J
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Boolean algebra consists of a set B together with three operations
defined on that set. These are:

(a) a binary operation denoted by @ referred to as the sum ;

(b) a binary operation denoted by = referred to as the product ;

(c) an operation which acts on a single element of B, denoted by -,

where, for any element b € B, the element b € B is called the
complement of b™ (An operation which acts on a single member
of a set S and which results in a member of S is called a unary operation.)
The following axioms apply to the set B together with the
operations @, * and - .
B1. Distinct identity elements belonging to B exist for each of the
binary operations @ and * and we denote these by 0 and 1
respectively. Thus we have

bé0=08@b=b
bxl=1«b=b forallbe€B.
forall a, b, c € B.
(@axb)xc=a=*(bxc)
(adb)dc=ad(bdec)
B2. The operations @ and * are associative, that is
B3. The operations @ and * are commutative, that is

aP@b=bpa

axb=Db=xa foralla, b €B.
B4. The operation @ is distributive over * and the operation * is
distributive over @, that is
a@(bxc)=(@db)+(@drc)
ax(b@c)=(axb)@P (axc)foralla,b,ceB.
B5.ForallbeB,b@ .b=1andb *.b=0.

Suppose that .b1 and .b2 are both complements of an element b of a Boolean algebra
(P(S),u,N, -, 0.,5) =(B,, *, -, 0, 1). This means that
b@.blz.bl@bzl, b@.bgz.bg@bzl
bx.b,=b;*b=0, b=*.b,=b,xb=0, .b-b,
Thus we have

bl=Dblx1 (axiom B1)
=.b1 x (b @ .b2)
= (bl xb) @ (bl *.b2) (axiom B4)
=06 (b1 * .b2)
=068 (b2 x .bl) (axiom B3)

= (b2 % b) @ (b2 * .bl)
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= b2 * (b P bl) (axiom B4)
=b2x1

= .b2 (axiom B1).
We have shown that .b1 =.b2 and so we can conclude that the complement is unique.

3. Find the matrix A%, where A be the adjacency matrix, for the following graph:
and write all edge sequences of length 3 joining v, ,V;.

& &
V.

[N

&

V3 V4
%
JS Al)
1 11 2 7 2 6 4
1 010 , 12 11 4
A: , A =
1 10 2 6 1 6 2
2 020 4 4 2 8
€1€3; €164, €g€7; €3€5 .
Question 4. (422 20) a2l J) gl

1. For any propositions p, q, r, Prove that: (p<>q)<>r=p<(Q<r).

d

plalr|(peg | (pegor| (gor) pe>(ger)
111]1 1 1 1 1
11110 1 0 0 0
1101 0 0 0 0
17100 0 1 1 1
0(1|1 0 0 1 0
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07170 0 0 I
0j0]1 1 1 0 1
0101]0 1 0 1 0

S(pPerg)er=pe(qer)

2. Define Trees, the complete graph K, , the complete bipartite graph K, s and, for which

values of n, r, s, the graphs K, K,,S are Eulerian?

X

C.

A trees is a connected graph which contains no cycles.

the complete graph K, is a simple graph in which every pair of distinct vertices is joined by an
edge.

A complete bipartite graph is a bipartite graph such that every vertex of V; is joined to every
vertex of V, by a unique edge.

An Eulerian path ina graph G is a closed path which includes every edge

of G. A graph is said to be Eulerian if it has at least one Eulerian path.

The complete graph K, is (n—1)-regular—every vertex has degree n—1. Since it is connected, K,

is Eulerian if and only if n is odd (so that n — 1is even).
A complete bipartite graph K, ¢ is Eulerian if and only if r,s is even.

3. Letf, gand h be functions f:R — R defined respectively by :
f(X)=(Bx*+3), g(xX)=x°, h(X)=+x*+2
Find expressions (f oh)(x), (heg)(X) :

X

C.

(f oh)(x) = f (N(x)) = f (/X* +2) =5(x? +2) +3
(ho g)(x) =h(g(x)) =h(x*) = (X’ +2)



