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(m1) Trivially : R=]-w0,0[eth and ¢=]o, a[e U
(T2) Let G,H € U. Then G =]a, B[, H=1]6, y[, so that

(oeu,  if p<o
GNH=]op[n]o,y[=110,Blel if oa<6<p<y

|]0c, pletr, if 6<a<p<y

(o, y[etr, if o< oa<y<p
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In each case, we have, G " H belongsto .

(T3) The union of an arbitrary number of an open intervals is
again an open interval.

this topology is called usual topology on %. (V)

(T1) Obviously ¢ € £ andsince peX, so Xe£.

(12) Let G,He £. Then peG and peH,
therefore, peG N H.
Hence, G He L.

(13) Let Hie £, where icl. Then peH; V iel,

therefore, pe Y H; .



Hence, ) H e £
That is R is a topology on X.

Solution. Since

LUEcPX)=P (D)
On other hand, by taking . H € P(X) = P, we get two probabilities
()peH = HeR = HeRuUt

(i) pgH= Hel = HeLUL.
Therefore

D=PX)cRUE i (2)

From (1), 2) we have, LU =D.

(2)

From definitions we have
intA N extA=intA n (int A)C = o;
int A~ Db(A) = int A~ [(int A) A (ext A)°]
= [int A A (int AT (ext A)°
= (extA)‘=¢ and
ext A~ b(A) = ext A A [(int A) A (ext A)]
=[ext A ~ (ext A)]  (int A)°
= ¢ n (int A)° = ¢. Also,
int AU ext AU b(A) = int Auext Au [ (int A)S ~ (ext A)°]

= [intA Uext AU (int AT [intAuextAu (ext A)]



= [int A U (int A)° U ext Al A [int AU ext AU (ext A)]
=[XuextAln[intA U X]
=XnNnX
= X.

It follows from part (i) that A/g Av B)/ and B’ c(Auv B)/. Then
AN UB' c;auB), (1).
Conversely, we must prove that (A U B)/ - ANouB,
Take o ¢ A U B/, we have « ¢ A’ and o ¢ B’ and hence there exist
neighborhoods V, W € N, such that
V-{oa}) nA=¢ and (W-{a}) nB=1¢.
But VW e N, satisfies [(VAW)—-{a}]n (AUB)=¢.
Then a¢ (AU B)/, which proves that
AuB) cAUB ).
From (1), (2) we get (A v B)/ =AuB.

If AcC, BcC, then we have AnBc C

A~Bc ANB.

3)
In the indiscrete space (X, 3) and every a € X we have N, = {X}.

If Aisasingleton say A ={y} we get
X={HnA=X-{Hn{r}=9¢,
thatis y ¢ A,
For any point e =y, we get
X-{o}) nA=(X-{6}) n{v} = {} #¢.
Hence, A=Xx- {r}.
But if A is a subset containing more than one point, we get A=X.



(4)
(i) implies (ii) : Let (i) be holds, that is h (X, T)— (Y, O) is
continuous and F is G-closed set, then F° is G-open.
Hence, by (i) h™ (F®) is T-open. So
W EY=hT[Y-F]=h?(Y)-h ™ (F) = X - h ™ (F), which is T-open.

Thus h_l(F) is T-closed set.

(if) implies (i) : Let (ii) be holds and H be G-open set, then H® is G- closed.
Hence, by (ii), we get h (H C) Is T-closed set. So
W HY =h Y -H] =h ™ (Y) - h ™ (H) = X - h ™ (H), which is T-closed.

That is h_l(H) Is T-open set, therefore h is continuous.
(i) implies (iii) : Let (ii) be holds and A < X. Since h (A) = h(A), then
Ach™[h(A)], by Theorem 1.1
ch*[h(A)], clear
But, h(A) is o-closed, so by (ii) we have h_l[m)] Is T-closed.
Thus, Ach™ [h (A)] and hence by Theorem 1.1 again, we have
h(A) ch{h™[h (AT} < h(A).
(iii) implies (ii) : Let (iii) be holds, thatis h(A) < h(A), forevery A c X.
Take F is o-closed set and put B = h™ (F). Then by (iii) we have
Bch'[h(B)], byTheorem 1.1
=h"[h (h"(F))]

ch™[h(h-}(F))], by hypothis
ch™(F), byTheorem 1.1

= h_l(F), for F is o-closed



B
B.
This meaning that B = h (F) which is T-closed set.
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. If B is a base of some topology T ( B =T ), Hand M are members of

Band o« eHN M, we have H, MeT. Thus HN M T, therefore HN

M is a union of some members in B . So there is a member W in B

which o belongs to it and which is a subset of H ~ M.
Conversely, let B be a family with the specified property and T be the

family of all unions of members of B, we have :

(T1) The empty set ¢ is the void family of members of B.
(T2) Let G; and G, be two membersof T. If a e G111 G, (G1NG,L#0),

then at this, we may choose H; and H, in B suchthat a e H; = G,

and ae H, = G,. So there is a member W in B satisfies
aeWngmHnglmGz.

Consequently G; n G, is the union of some members of B.
Therefore G; NG, isa member of T.

(13) A union of members of T is itself a union of members of B and is
therefore a member of T.

Hence T is a topology on X.






