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Complex Variables (412 M) for Fourth Year Students,
(Math. Section)

Answer the following questions

Question 1. [12 mark]
(a) Obtain all values of log 1-iv3) & (L+i)".

(b) Show that cosZ isn’t analytic function of z anywhere.
Question 2. [20 mark]

(a) Use Cauchy’s integrals to evaluate:

2 7z 2 2?2 2 .3z
K = L_zdz, sz#dz, M:J.Ldz.
C(Z_I) YA C(Z—iz)z
2
where C is the circle |z —i|=2

(b) If w =u+ iv isanalytic, and u =2x —x °+3xy * then find v and

obtainw & ddl in terms of z .
Z

Question 3. [20 mark]

(a) Obtainexpansions in powers of (z +1) for the function f (z) :Z_—Z;l and
Z —
give regions of validity.
(b) Find the Maclaurinseries for the function log(1+z ).
Question 4. [28 mark]
Use contour integration to evaluate the following integrals:
o0 2 (e8]
: X “dx . cosx dx
O [ (u)j 7
y (XT+D)(x " +4) (x*+1)
.. ¢ cos@d@ sinx dx
i) | ———,
(i) ° S+4coso (v) J X2+4x +5

Good Luck!
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The answer

Answer Question 1:
(a) Obtain all values of log(Ll-iv3) & (L+i)'.

log (1—i\/§)=log{2ei3}=ln 2+i(27k —%), k=0,1,2,3,....

N LA i(Z+27k) ~(Z427k)
(L+i)’ {\/ﬁe“ez”k'} {e'”ﬁe 4 } —e 4 eln?

_p a0 [cos(ln J2) +isin(In \/E):|,
k=0,123,....

(b) Show that cosZ isn’t an analytic function of z anywhere.
COS Z = COS(X —1y) = COS X COSiy+Sin Xsiniy
COSZ =cosXxcoshy+isinxsinhy=u+iv

= u=cosxcoshy & v=sinxsinhy

= a—uz—sinxcoshy & @zsinxcoshy,
OX oy

au =cosxsinhy & ? =Ccos xsinh y
X

ou ov ou oV

— £ : —
ox oy oy oy

CRC aren't satisfied

So, cosZisn't ananalytic function.
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Answer Question 2:

()
K _I z°e™ dz = 27i [i 72 eﬂz} =27i[(2z + 7z°)e™]
Z—i)2 dZ B

= 27i[(2i — 7)e™ ] = 27 [(x - 2i)] = 22 (2 +i7),

2

> (2% + ezz)} = 7i [i(22+ 21 ezz)}
o dz

2 7° .
L:,[Z +3e dz:zm d
Z 2 | dz

z=0

= 7i(2+ 267 +47%%), = 7i(2+2) =4ri,

Z2 e3z

M =J' ——  dz=27xi [i z* esz} =27i[(22 +32%)e*"]
c (z—iz)2 dz 2

2
= 27i {(ﬂi —%)(—i)} = 27°(i —37”) - ”72(—37”40

(b)
ou

- W is analytic = a—:@:: = v=(2-3x°)y+ Yy’ +¢(x)

X
NN N exy=g(x)+(6X)y = F(X)=0 = g=c =
OX oy OX

V=(2-3x°)y+y*+c= w=u +iv=2x—x>+3x y* +i((2-3x*)y+ y* +¢)
dw_ ou '@=2—3x2+3y2—i6xy:2—3(x2—y2+i2xy):
dz ax OX

=2-3(x+iy)* =2-3z°.
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Answer Question 3:

(a)

2°-27°+27°-7+1 |, 27°-471+3z+1 , 37-6+7
f(z): =7 + =7°427+— =
Z-2 2-2 2-2
) 7 5 7
=2°+22+3+——=(2+1) " +2+
2-2 zZ+1-3
at \z+1\<3 = |— 2+l <1
—7+1 7 1
f(z )— =(z+1)° +2—§ 1
1_7
3
2
:(z+1)2+2—Z 1+Z+1+(Z+lj oo
3 3 3
m\z+ﬂ>3:3 <1
z+1
f(z) =2 ”1_(z+1)2+2+ r 1t .
(Z‘|‘1)1_3
z+1

2
=(z+1)°+2+ T 743 +( 3 j +oo
(z+1) z+1 \z+1
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(b)
2¢

L7 T2 ) -

=24 =T, |07 <1

Integration bothsides ¢:0—>z

log@+¢?)|; =2{§22 L +}

4 6 8

72 74 % 8
log(l+z°)=2{———+———+...} |zl<1
g(L+2°) {2 T e

_ Z(_l)nﬂ (Z)2n ’ |Z| <1

N
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Answer Question 4:

(1)
~ jﬁo x“dx 1 r x* dx
L (X +D(XF+4) 20 (X +D)(X+4)
z° z° L
f(z) = = = Z,==i, £2i

(Z*+D)(z2°+4) (z-D)(z+i)(z-2i)(z+2i)

. z° ~1 i
b (1) = {(z +i)(z-2i)(z +2i)li @B 6

. z° —4 i
htel = {(z Fi)(z-i)(z +2i)l_2i RN
if(z)dz=27zi(ig—%):27z(—1)(-%)—5—2| +j f(z)dz (as R — )
but jf(z)dz:T R”e™"iRe'” do

c’ 0 R4(eZ|¢9 RZ)(62|¢9+ 2)

:iRﬂ _ ejle dé —>0 (as R — )
0(e2|9+R2)(e2|9+R2)

hence I, =—
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| j”cosxdx Loe [ e™ dx
2 2 2 2 2
, (xX*+D)° 2 (X7 +1)

e .
f (z) = ———= has two poles of order two, z, ==

jf(z)dz = 27ib, (i)

b, (i) = fim |e”[z+i]2—2e”[z+i] 8 1
i dz [z +HP [z +i]" . 16ei  2ei
jf(z)dz_zm(—)_ﬁz fLCb(Z+_[f(z)dz (as R — o)

2
2 e J (x*+1) &

4 eiRcosH—RsinHReiHide
But | f(z)dz=| T

C’ 0

- 7T _iRcosO@-Rsind+i6
I e do
= —>0 (as R — )

3
R 0 ( 2|(9 2)

T
Hence I,=—
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(i)
¢ cos@deo (z° +1) dz
- e o

Z

2
1 (z°+1) dz.

4icz@2+gz+n

C:lz|]=1

1 r+l
4 Cz(z+;)(z+2)

f_ -

2 2
_ 2y L z1+1 { 22 +1 } >
4l (2+)(2+2) 1

::Qﬂni%#_§}zﬁ{:§}::£
4 3 23 3

—
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(iv)
| _.F sinxdx__ | ¢ e™ dx
Yl vax+5 ) X raxas
f(z)=— © has two poles of order one, z,=-2+1
2°+47+5
jf(z)dz = 27ib (-2 + i)
C
iz e—2i—1
b(-2+1)= lim .
2+ i[z4+2+40]  2i
—2| -1 2ig 0 eix dX
jf(z)dz_zm(—) e " j . +[ f(2)dz (as R—>w0)
X“+4x+5
iz 7 L iRcos@-Rsinf+i0o :
But [ f(2)dz=[—— dz:ije — 149 0 (as R — )
& &Z°+4z7+95 RY Uﬁ~*+47f
R R
< edx —7T .
Hence I,=1Im =—:sIn2

Y x*+4x+5 e

-10 -



