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Model answer:

(1) The function h is continuous because o

W (Y)=XeT, hi(@)=¢eT, ~ B
4 0

h?{od)=XeT and '

h™ ({o, 03) = {X, ¢} € T.

Also, the function h is open because for each open set G of (X, T), we

have

({a}, if G=¢

h(G) =1
Lo,  if G=4¢.
Which are open sets of (Y, G)

The function h is not closed because for each closed set F= ¢ of

(X, T) we have h(F)={a} isnot closed of (Y, G).

2)
(m1) d(X,y)=|x-y|>0 and d(x,x)=|x—-x|=0

(m2) d(x,y) =[x-y[=]y-x]|=d(y, x)
(m3) d(X,2) =|X—-z|=|X-y+y-z|< |[X-y|+]|y-z|
=d(x,y) +d(y, 2).
S(p, 4) ={u=(xy)eR* :  d(q.p) <4}
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={(xy)eR* : |x—0|+|y—0| <4}
={(xy)eR® : |x|+lyl<4}

Will be the subset of %% which cuts the 0X axis at (-4,0) , (4,0) cuts the
and cuts the oY axis at (0,-4) , (0,4) . lllustrated in the figure.
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(3)

Since g € S(p, d), then d(p, g) < d. Hence
e=06-d(p,q)>0. Wetake T =T(q, ).
To prove that Tc S, let x € T(q, €). Then
d(x,q)<e=035-d(p, Q).

So, by triangle inequality, we have

d(x, p) < d(x, q) +d(a, p)
<[3-d(p,q)] +d(a, p)
=9.

Thus, xe S(p, 9).

Which proves T cS.

(4)
Suppose that p e{xeX : d(x,A)=0}.



So that, d (p, A) =0. Which means that every open sphere with
center p will contains at least one point of A. i.e.
S(p,d) "Azp V 6>0
= VNnA=zdp V V=5, 0)eN,

= (V-{p}) nA=d V VenN,

= peA/

— peA UA

= pe A

= {xeX . d(Xx,A)=0}c A ...(])
On the other hand, let qg{xeX . d(x, A =0}

= d(g,A) =0

= d(g,A)=0 forsome 6>0

Thus, there are two facts, the first one is qgA.
The second fact is that, the open sphere S(p, 2 8) with center p and

radius 2 not contains any point of A. i.e.
S(q, ¥20) N A= ¢
= UnA=¢, forsome U =S(q,%208)eN,
= (U-{q}) nA=¢, forsome U eN,
= qe A
—qez A UA = A
= Ac{xeX : dXxA)=0} ...(2)

— A={xeX : d(x,A)=0}

()

Let (X, T) be a T,-space, we must show that every singleton set is



T-closed. That is, for each o € X, we show that X—{a} is a T-open subset.

Now, let o # B in X, we have o eX— {p} and p X - {a}. Then, by
Definition 5-2, there are a neighborhood U of o such that pgU and a
neighborhood V of B such that a ¢V,

l.e. {a}nV=¢,thatis peVcX-—{a}
So, for every point g in X there is GgeT such that p € Gy cV < X—{a}

that is Y Gp = X—{a}.

Which means that the subset X —{a} is a T-open subset.
Conversely; consider that every singleton subset {a} of X is T-closed and
a# B in X. Then X—{a} is a T-open, thus it is a neighborhood of g not

containing a.and X—{B} is a T-open, also it is a neighborhood of o not

containing .

Hence, (X, T) is a T;-space.
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