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Answer the following questions: (80 marks) (423 80 Al Ay jall) agdlal) Ay e caal

Question 1. - (A2 30) Js¥ Jsed)

1. Define a Boolean algebra (B,®,*, ,0,1) and for all b,,b, € B, prove that:

There is only one element b, € B such that b, @b, =1and b, *b, =0,
2. For any propositions p, g, r, Prove that:
R )R CAAD]
L [p>A(@VDI)]E(@Vr).
3. Arelation =5 on the set Z is defined by a =; b if and only if a—b =5k for some
k € Z , show that = is an equivalent relation and describe the equivalence classes

(3], [-11.
Question 2. (423 30) [ LU ) gl

1- Let A, B, C, D be sets, prove that:
. P(ANP(B)=P(AmB)
n. Ax(BNC)=(AxB)n(AxC)
m AU(B-C)=(AUB)—(ANC)
2- draw diagram to represent the graph whose adjacency matrix is given below. Write
down the degree of each vertex, and state the graph is (a) simple ; (b) regular ; (c)

Eulerian.?
1 2 0 1 1
2 1 3 0 1
A=|(0 3 1 2 1
1 0 2 1 2
1 11 2 1

3- Design a logic network for the following so that the output is described by the
following Boolean expression: X, X; @ X; © X, Xs.

Question 3. s(da 3 20) Sl J)gd)

1. Define the complete graph K, , the complete bipartite graph K, s and Eulerian path,

and for which values of n, r, s, the graphs K, K, ¢ are Eulerian?
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2. Show the following function is a bijection and find its inverse:
f:R >R, f(x)=(5x —3)3Vx €R.

3. Define a switching function for the following system of switches:

A A
A o [
A, A,
Al gl
gl s b sl iliad Culal e
Good Luck ! Jladlae aadl a2
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1. Define a Boolean algebra (B,®,*, ,0,1) and for all b,,b, € B, prove that:

There is only one element b, € B such that b, ®b, =1and b, *b, =0,

Boolean algebra consists of a set B together with three operations
defined on that set. These are:

(a) a binary operation denoted by  referred to as the sum ;

(b) a binary operation denoted by * referred to as the product ;

(c) an operation which acts on a single element of B, denoted by -,
where, for any element b € B, the element b™ € B is called the
complement of b~ (An operation which acts on a single member
of a set S and which results in a member of S is called a unary operation.)
The following axioms apply to the set B together with the
operations €, * and - .

B1. Distinct identity elements belonging to B exist for each of the
binary operations @ and * and we denote these by 0 and 1
respectively. Thus we have

b@0=06{b=b
bx1=1xb=Db forallbeB.
forall a, b, c € B.
(@axb)xc=a=x(bx*c)
@a@b)c=ad(bdc)
B2. The operations @ and * are associative, that is
B3. The operations @ and * are commutative, that is

adb=bpa

a*b=Dbxa forall a, b €B.
B4. The operation @ is distributive over x and the operation * is
distributive over @, that is

a(bxc)=(@db)*(@c)

ax(b@c)=(xb)P (axc)foralla,b,ceB.
4
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B5.ForallbeB,b&@ b=1andb*.b=0.

(b1 @ b2) @ (b, *b,) = [(b1 @ b2) B b,]* [(b1 D bz) D b,] (axiom B4)

=[b, & (b2 @ b2)] * [(b2 D b2) D b, ] (axiom B3)
= [(b, @ b1) © b2] * [b1 © (b2 D b, )] (axiom B2)
=1 by)*(b1 1) (axiom B5)
=1x1 (theorem 9.4)
=1 (axiom B1).

We have proved that (b: @ b2) @ b, * b, ) =1 so that b, * b,
is the complement of by @ by, i.e. (b1 @ bz) = b, x b, .
That (b1 * b2) = b, @ b, follows from the duality principle.

2. For any propositions p, g, r, Prove that:
. @Y =@V q)
L [-A@VN]E(@VrT).

. @V =@®mVYq)
P|d | g |pvVq|pVq|pVq
111 |o o 1 1
110 |1 |1 0 0
01 o |1 0 0
0/o |1 |o 1 1

. [ A(@PV]EF@VT).

X1

C.

plag|r|p=>a]pvr | (p>aalpvr) | avr | [(p—=>a)A(pvi)]—>(qvr)
1111 1 1 1 1 1
11110 1 1 1 1 1
1101} 0 1 0 1 1
110/0] 0 1 0 0 1
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o/1j1] 1 1 1 1 1
o/1j0] 1 0 0 1 1
o/01] 1 1 1 1 1
0/0j0] 1 0 0 0 1

3. Arelation = on the set Z is defined by a =; b if and only if a—b =5k for some
k € Z , show that = is an equivalent relation and describe the equivalence

classes [3], [-1].
All

J

In this case a =; b if and only if a —b = 5k for some integer k; that is, if and only

If there exists an integer k such that a = 5k + b.
Firstly, R is reflexive since a-a=5 0,

Secondly, ifa = bi.e. a-b =5k then b-a =—>5k so impliesb =, a therefore = is symmetric.
Thirdly, suppose a =5 b and b = c; then there exist integers k such that a-b =5k and b-c¢ =5ki.
Combining these two equations gives a-c =5(k-ki) thereforea =; C
where (k-k1)is an integer. Thus a =, b and b =, c implies a =, Cso = is transitive.
Therefore [p]={q € z:g=5k + p, for some k € z}.

[8]1={q € z:g=5k + 3, for some k € z}.

[-1]={q € z:q=5k + -1, for some k € z}.

Question 2.

. P(A)NP(B)=P(AmB)
Let X e P(A)nP(B). Then X e P(A) and X e P(B). Hence X < Aand either
X < B Therefore X <« AnB. It follows that X e P(An B)
We have shown that if X € P(A) n P(B)then X < P(A~ B) Therefore
P(A) nP(B)c P(AnB)
Secondly we must show that P(A~B)cP(A) N P(B)
Let X e P(AnB)Then X c AnB so X < Aand X < BHence X € P(A) and either
X €P(B). Therefore X e P(A) N P(B).
Therefore (P(An B)cP(A) n P(B)
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Finally, since we have shown that each set is a subset of the other, we may conclude
P(A)~P(B)=P(AmnB)

I Ax(BNC)=(AxB)n(AxC)
Let (a, X) € A x (B N C). By the definition of the Cartesian product, this means
thata € Aandx €(B N C). Thusx € X, so (a, X) belongsto Ax B;and x € C,
so (a, X) belongs to AxC as well. Therefore (a, X) € (Ax B) N (AxC ), which
provesthat Ax (BN C)<S (AxB) N (AxC).
To prove the subset relation the other way round as well, let
(a,x) € (AxB) N (AxC).
Then (a,x) € (A xB),soa € Aandx € B;and(a,xX) € (AxC),so
a € Aandx € C.Thereforea € Aandx € (B N C) which means that
the ordered pair (a, X) belongs to the Cartesian product A x (B N C). Hence
(AxB)Nn (AxC)<S Ax (B nC).

The conclusion that the sets A x (B N C)and (A x B) N (A x C) are equal now
Then Au(BNC)=(AuB)n(AUC)

n. Au(B-C)=(AuB)—(ANC)
AU(B-C)=AuU(BNC)=(AUB)N(AUC)=(AUB)—(AUC)
=(AUB)-(AUC)=(AUB)-(ANC)

1. draw diagram to represent the graph whose adjacency matrix is given below. Write
down the degree of each vertex, and state the graph is (a) simple ; (b) regular ; (c)
Eulerian.?

1 2 0 1 1
2 1 3 0 1
A=10 3 1 2 1
1 0 2 1 2
111 2 1

X!

C.
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the graph is not simple ; not regular ; not Eulerian

2. Design a logic network for the following so that the output is described by the
following Boolean expression: X, X; @ X, @ X, X,.

Xl

X3 ) ;:%
T
\/

UDG—L—_— _>
—1 o

- (A0 20) GdE ) Al

1. Define the complete graph K, , the complete bipartite graph K, s and Eulerian path,

and for which values of n, r, s, the graphs K, , K, ; are Eulerian?

)

d

A graph is connected if, given any pair of distinct vertices, there exists a

path connecting them.

A graph in which every vertex has the same degree r is called regular (with degreer) or simply
r-regular.

A graph is Eulerian if the sum of all entry in any row or in any column of its adjacency matrix
IS even.

A complete graph is a simple graph in which every pair of distinct vertices is joined by an edge.
A complete bipartite graph is a bipartite graph such that every vertex of V1 is joined to every
vertex of V2 by a unique edge.
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An Eulerian path ina graph G is a closed path which includes every edge
of G . A graph is said to be Eulerian if it has at least one Eulerian path.
The complete graph K is (n—1)-regular—every vertex has degree n—1. Since it is connected, K,

Is Eulerian if and only if n is odd (so that n — 1is even).
A complete bipartite graph K, ¢ is Eulerian if and only if r,s is even.

2. Show the following function is a bijection and find its inverse:

f:R>R, f(X)=(5x-3)° VxeR.

C.

To show that f is an injection we prove that, for all real numbers x and y,
f (x) =f (y) implies x =y. Now f (x) =f(y)
(5x-3)°=.(5y-3)° = x=ysofisinjective.
To show that f is a surjection, let y be any element of the codomain f. We need

to find x € Rsuch that f (x) =y. Let x= \/ys . Thenx € Rand
f(x)= [5\/—5 -3)° =y so fis surjective.

To find f ~1 we simply use its definition: if y = f (x) then x = f ~(y).
Now y = f (X)

3
2y= (5x-3)°= x:\N;r3

x=f1(y)= WTJFS Therefore the inverse functionisf "1: R —R, f "1 (y) = W;S'

3. Define a switching function for the following system of switches:

S
A, A

A3 I

f (X1, X2, X3) = X[ X, (X D X3) D X;X,]



