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Show the following function is a bijection and find its inverse:

f:R—{5}— R {2}, f (x) = 2“51 Vv x e R—{5}.

Let A={1,2,3,4,5and R={(a,b) :b < a®}be arelation on A. List the elements
of R, and write down its binary matrix. Determine which of the properties, reflexive,
symmetric, transitive the relation R is satisfied.

For all propositions p, g, r, Prove that:
. (pAq)v(pva)=p bylaws
. [V ->FIVEVD.

draw the diagram of a system of switches for which it is the switching function:
f (X1, X2, X3) = X[ X, (X, D X3) D X;X, ]

-1 (R 30) (BN J)smd)
Let A ={1,2,3},B = {1,2} andP(A) is the power set of A. Determine whether

each of the following is true or false and give a brief justification.
(i) B€ P(4), (ii))B €A, (iii)B < P(4),, (iv)AcP(A).

Let (B,®,*, ,0,1) be a Boolean algebra and for all b,,b, € B, prove that:
There is only one element b, € Bsuchthat b, ®b, =1and b, *b, =0

Let A, B, Care sets, prove that:
. Ax(BNC)=(AxB)n(AxC)

. A—(BNC)=(A—-B)uU (A—-C)by definitions
Defined the complete graph K, , the complete bipartite graph K, s and Eulerian path,
and for which values of n, r, s, the graphs K, , K, ¢ are Eulerian?
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1- Let f : A— Band g: B — Cbe two functions prove that: if f and g are both
injection then so, tooisg o f

2- Find the matrix A%, where A be the adjacency matrix, for the following graph:
and write all edge sequences of length 2 joining V,, v,.

& \& e/ &
v, & v,
e

3- Arelation =5 on the set Z is defined by a =¢ b if and only if a —b =5k for some
k € Z ,show that =; is an equivalent relation and describe the equivalence class

[-5].

4- Determine the Boolean expression for the output of the following system of gates.
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1- Show the following function is a bijection and find its inverse:

fiR_{5} - R—{2} f(x) = X +51 Vv x e R—{5}.

X1

C.

To show that f is an injection we prove that, for all real numbers x and y,
f(x) =f(y) impliesx =y. Now f (x) =f (y)
2x+1_ 2y+1
= =
X—5 y—5
To show that f is a surjection, let y be any element of the codomain f . We need

............. = X =Yy so fisinjective.

to find x € R-{5} such that f (x) = y. Let x=1y+5;’.Then x € R-{5} and
)= L[t g 2+10y+y-2 1+5y-5y+10 Uy
y-2 y—-2 y-2 y—2 11

so f is surjective.

To find f ~1 we simply use its definition: if y = f (x) then x = f ~1(y).
Now

y=f()=y=2222

X-5

1+5y
y—-2

x=f )=
y—2
Therefore the inverse function is f 71 : R-{2} =R-{5},f "1 (y) = 1y+ 5;’.

:>X:

2- Let A ={1,2,3,4} and R={(a,b):b < a®}be arelation on A. List the elements of

R, and write down its binary matrix. Determine which of the properties, reflexive,

symmetric, transitive the relation R is satisfied.
J all
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R={(1,1),(2,1),(22),(23),(2,4),(3,1),(3,2),
(3,3),(3,4),(4.1),(4,2),(4.3),(4.4) }

1

1

A == 1

1
R is reflexive not symmetric, transitive.

3- For all propositions p, g, r, Prove that:
. (pAg)v(pva)=Dp bylaws

. [(pve)->7r]v(pVa. ‘
Al)

C.

@ADVE@PVO=E@PADVPAQ=pV@QAQ =D

Pld [rlg| 7" |p| (VY | @V -7 |pVqg| (Ve >T]V (pVQ
11 1]12]0lo0fo0 1 0 0 0
11 1]o]ofl 110 1 1 0 1
1lof1l1]01o0 1 0 1 1
1lofol1]110 1 1 1 0
ol 1]12]0]l0 1 1 0 1 1
ol 1lo0lo1]1 1 1 1 0
olof1]12]0 1 0 1 1 0
olofol1]1 11 0 1 1 0

1- draw the diagram of a system of switches for which it is the switching function:
f (X1, X2, X3) = X[ X, (X D X;3) D X;X,]

J )
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1- LetA ={1,2,3}and B = {1, 2}. Determine whether each of the following is true or
false and give a brief justification.
(i) B€ P(4), (i))B€EA, (iii))ACP(4),, (iv)@ e P(A).

)

C.

(i) B€ P(A), True:Bisasubset of Aso B is an element of its power set.

(ii) B € A, False: B is a set but the elements of A are numbers, so B is not an element
of A.

(iii) A < P(A), False: the elements of A are numbers whereas the elements of P(A)
are sets (namely subsets of A). Hence the elements of A cannot also be
elements of P(A), so A _< P(A).

(iv) @ < P(A). True: since ® < A. we have @ € P(A).

2- Let (B,®,*, ,0,1) be a Boolean algebra and for all b,,b, € B prove that:
There is only one element b, € Bsuchthat b, ®b, =1and b, *b, =0 .

S Al

Suppose that .b1 and .b2 are both complements of an element b of a Boolean algebra
(P(S),u,N, -, 0.,5) =(B,®, *, -, 0, 1). This means that
b® .bi=b;Hb=1, bd .b,=b,Pb=1
b*.b1=.b1*b=0, b*.b2=.b2*b=0., .b]_:b_l
Thus we have
bl=Dblx1 (axiom B1)
=.bl * (b @ .b2)
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=(bh1xh) P (bl h2) (axiom B4)
=0 (.bl x.b2)
=0 (b2 * .b1) (axiom B3)
= (.b2 * b) B (b2 * .bl)
=.b2 % (b @ .bl) (axiom B4)
=.b2+x1

= .b2 (axiom B1).
We have shown that .b1 =.b2 and so we can conclude that the complement is unique.

3- LetA, B, Care sets, prove that:
. Ax(BNC)=(AxB)"n(AxC)

. A—(BNC)=(A-B)U(A—-C)by definitions

X1

C.

. Ax(BNC)=(AxB)"(AxC)
Let (a,x) € A x (B N C). By the definition of the Cartesian product, this means
thata € Aandx €(B N C). Thus x € X, so (a, X) belongsto Ax B;andx € C,
so (a, X) belongs to AxC as well. Therefore (a, x) € (Ax B) N (AxC ), which
provesthat Ax (B N C) S (AxB) N (AxC).
To prove the subset relation the other way round as well, let
(a,x) € (AxB) N (AxC).
Then (a,x) € (A xB),soa € Aandx € B;and (a,x) € (AxC),so
a € Aandx € C.Thereforea € Aandx € (B N C) which means that
the ordered pair (a, x) belongs to the Cartesian product A x (B N C). Hence
(AxB)N (AxC)E Ax(BNC).
The conclusion that the sets A x (B N C)and (A x B) N (A x C) are equal now

. A-(BNC)=(A-B)U(A-C)

First we showA—-(BNC)c (A-B)U (A—C).
7
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Letx e A—(BNC). Thenx e Aand x /e BNC. Hence x € A and either

x/ € Borx/ e C (or both). Therefore eitherx e Aandx/ € Borx € A
and x / € C (or both). It follows that x € A— B or x € A— C (or both).
Hence x € (A —B) U (A — C). We have shown thatifxe A— (B N C)
then x € (A—B)U(A—C). Therefore A—(BNC) < (A—B)U(A—C).
Secondly we must show that A—B)U(A—C) < A— (BN C).

Letxe (A—B)U(A—C). Thenxe A—Borx e A—C (or both) so

x€Aandx/eBorxeAandx/ € C (or both). Hence x € A and either

x/ € Borx/e C (or both) which implies x € Aand x/ € B NC. Therefore

X € A— (B N C). We have shown that if x € (A —B) U (A — C) then

X€A—-(BNC). Therefore(A—B)U(A—-C)c A—- (BN C).

Finally, since we have shown that each set is a subset of the other, we
may conclude A—-B)U(A-C)=A—-(BNC).

4- Defined the complete graph K, , the complete bipartite graph K, s and Eulerian path,

and for which values of n, r, s, the graphs K, , K, ; are Eulerian?
Nl

d

A complete graph is a simple graph in which every pair of distinct vertices is joined by an edge.
A complete bipartite graph is a bipartite graph such that every vertex of V1 is joined to every
vertex of V, by a unique edge.

An Eulerian path ina graph G is a closed path which includes every edge

of G. A graph is said to be Eulerian if it has at least one Eulerian path.

The complete graph K, is (n — 1)-regular—every vertex has degree n — 1. Since it is connected,
K, is Eulerian if and only if n is odd (so that n — 1is even).
A complete bipartite graph K, ¢ is Eulerian if and only if r,s is even.

1- Let f : A— Band g: B — C be two functions prove that: if f and g are both
injection then so, tooisg o f

suppose fand g are injections. Leta, a; € A, b =1 (a) and by =f (a1).
Theng-f(a)=g-f(a1) =9(f(@)=9(f(a))

g(b) = g(b1)
b =Db; (since g is injective)
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=>f(@)=f(a;)(sincef(@=hb f(a;))=h;=)
= a = a; = (since fis injective).
Hence g ° f is an injection.

2- Find the matrix A%, where A be the adjacency matrix, for the following graph:

and write all edge sequences of length 2 joining V,, v,.

e, e

V5
J Al
1 1 0 1 1 4 3 2 2 3
1 1.1 0 1 3 4 1 3 2
A=]10 1 0 1 O A2=12 1 2 0 2
1 01 0 1 2 3 0 3 1
1 1 0 1 O 3 2 2 1 3
€g€g, €2€2, €565, €66€p

3- Arelation =5 on the set Z is defined by a =g b if and only if a —b =5k for some
k € Z , show that =g is an equivalent relation and describe the equivalence class

[-5].

X

J

In this case a =g b if and only if a —b = 5k for some integer k; that is, if and only

If there exists an integer k such that a = 5k + b.
Firstly, R is reflexive since a-a=5 0,
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Thirdly, suppose a =g band b =; c; then there exist integers k such that a-b =5k and b-c =5k;.
Combining these two equations gives a-c =5(k-k;) thereforea =5 C
where (k-k1)is an integer. Thus a =; b and b =; C implies a =5 Cso =, is transitive.

Therefore [p]={q € z:gq=5k + p, forsome k € z}.

[-5]={qg € z:q=5k + -5, forsome k € z}.

4- Determine the Boolean expression for the output of the following system of gates.

. D
2 . T —
e D

X

C.

(% @ %,) (% D X,).
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