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Answer the following questions :
Question(1):
(a) Prove that every compact set is closed and bounded . (5 marks)
(b) Prove that the union of two compact sets is compact . (5 marks)
(c) Prove that every relatively compact set is bounded . (5 marks)
(d) Which of the following sets is compact and which is not ? and why ? (5 marks)

A:{%:neN} . B=lb,b,b,...b}

Question(2):

(a) Define a G- setand F_ - set. Prove that the intersection of the two G;- sets isa G, - set and

the union of two F_-setsisan F_-set . (12 marks)
(b) Prove that any singleton set {a}in a metric space is a closed G- set . (8 marks)
Question(3):
(a) Show that the function (7 marks)
. (1
F(x) = sm(;) ) X#0
0 ; Xx=0

IS not continuous at x=0

(b) Prove that every convergent sequence is bounded . (7 marks)

(c) Show that the sequence ((nTHJ j is a Cauchy sequence . (6 marks)



Question(4):

(a)Let B = {(n‘—”l) © ne N} . Find Sup(B) and Inf (B). (7 marks )
+

(b) Prove that the countable union of countable sets is countable . (7 marks)

(c) Use (b) above to show that the set (6 marks)

Qz{ﬂ : n,meZ,m;tO}

Of all rational numbers is countable .
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Question(1):

(a) (i) Let M be a compact set and x. e M = Ja seqc. (X.);, =M :x, —x but M is compact and
SO X eM =M cM = M is closed .

(if) Let M be a compact set and suppose that M is unbounded . If (x )< M ,then (x_ )is not
bounded = (x_)is not convergent which contradicts the fact that M is compact . Therefore

M must be bounded .

(b)Let Aand Bbe two compact sets and 7, ={Q, er:a>1} is an open cover of A and

7, ={Q, e 7:a>1} be an open cover of B. Then 3 two finite subcovers 7, =1Q, ,Q, ,....Q, | for

an

Ast AcuQ, (1)

And 7, =G, .G, ....G, }for Bst BcUG,  (2)

On

1).2) =>AuB :éf(Qai uG, ):iL:{HO‘i , Where H, =Q, UG, isopen.ie. AU B iscompact.
(c) Let B be a relatively compact set.

Then B is compact = Bis bounded = &(B) =supd(x,y) <o , X,yeB

But since B < B, it follows that §(B) < 5(B) <oo=> B is bounded .

(d) (i) The set A= {l ‘ne N} = {1%%} Is not bounded and hence is not compact .
n

(ii) The set B=1{b,b,,b,,...,b } is finite and hence is compact .
Question(2):

(a)Aset G iscalleda G;-setif G = éGn , G, are open sets .

Aset F iscalleda F_-setif F =n§an , F are closed sets .

00

If G,,G,are two G, - set, then G, NG, :(Qanm(éQn):é(Gn AQ,)=NH, .H,=G,NQ,

are open sets .

.G, NG, isa G,-set. Similarly , for F_-set.



1 1). . i . .
(b) {a}=n ( 1(a—ﬁ a+ nj isa G- set which is closed as any singleton set in a m.sp. is closed .

Question(3):

, then x_ —0and x”’ —0but

(@) If we take (x )=, :(ij and (x)7, =
2N

2N+ —
2

f(x )=sin(2nz)=0—0 and f(x)) =sin(2n7r + %) =cos(2nz)=1->1

- T(x) is not continuous at x=0.

1/2

O) T2 12T (X, Xy0e e X, Xoune-) = (0,0,.. n+1,...):>HT(x)H2:@\xifj x|, =T

17 2’

is Let X, >X =[x, —x |<eVnxn,

~x =

J+[x|<e+|x|, n=n,

If we take K =max {|x,|x|,|[x].& +[x | },

(c) Since (n_ﬂj = (1+ Ej —>easn—o>o= {(n_ﬂ) J is a Cauchy seq(c.
n n n
n=1

Question(4):

1 2 3
@8- 554 ‘}

S Inf(B)=-1 , sup(B)=max(B)=-1/2 and min(B) does not exist .

(b) Let 7={E,,E,,E,,...} be a family of countable sets , where

E, ={e,.6,6,..)and E,={&,,,€,.8,...} ... E, = {6,880 .}... = UE, =&, 1, e Nx N}

nl?>~n2?

Which is countable as N x N is countable .

(c) Q=Q uQ u{0}, where Q*z{ﬂ:n,meN,m;ﬁO}and f:Q*aNxN:f(%j:(n,m) is

m

(b)
a bigection mapping i.e.Q"is countable . Also , Q"is countable and {0} is countable =Q is

countable .




