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Answer the following questions :
Question(1):
(a) Let p>1, q>1:£+lzl .show that if xel® and yel?, then xyel*. (7 marks)
P q
(b)Showthat I° cC cCcl”and U 1P I” (7 marks)
_ . : 0, x=y
(c) Consider the discrete metric space (X,d.) where d_(x,y) = 1
, X#Y
Find B(x.1), B(x.1), S(x.2) (6 marks )
Question(2):
(a) Prove that (I”, | . Hp) is a B-space . ( 7 marks )
(b) State and prove the Banach contraction mapping theorem . (6 marks)

(c) Consider the two norms | x|, = (x| +[x,| + [x,)). | |, = (| +[x,|* +[x, ] *Show that

1
EHle <| x|, <[ x|, x=(x,%,,%) R’ (7 marks)

Question(3):

(a) Prove that a linear operator T:X —Y from a normed space X into a normed space Y is
continuous iff it is bounded . (7 marks)
(b)Let  T:I? =>17:T(X,Xyee 0 X, X 1y0.) =(0,0,...,0,X_,...).

Show that T is continuous (6 marks)

(c) Let Aand Bbe two convex sets . Show that A+ B={a+b:aeA,beB} isalso a convex set .

(7 marks)



Question(4):

(a)Let u=(x,x,)and v=(y, y,). Show that (u,v)=xy, +2x,y, defines an inner product

function . Find the angle between the two vectors (1,2) and (2,3). (7 marks)

(b) Let H be a Hilbert space and L < H . Prove that L'is a closed subspace of H . (7 marks)

(c) Let (x,) be a sequence in a normed space (X ,|.[) . Show that
(i) If xnlxo , then x on.

(i) If x, —S>x0 , then x_ on. (6 marks)
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Question(1):

(@) X(x,,X,,..)el’ :i\xi\p <o and y(y,,Y,,...) €L’ :i\yi\q <o

From Holder’s Inequality we have

. . 1 . 1/

Y%y S(Z\xi\p) p .(Z‘yi\q) q <oo=xyel
i1 i1 i1

(B) X(X, X,,..) e L* = Y |x|” <oo=lim|x|” =0=lim|x|=0=>xeC ,C =C
i=1

1—>0 I—>0

But since every conv.sege. is bounded it follows that 1, .. 1P <cC <cCcl” .

To prove that 1° —_ 1"V p>1, we have to consider the bounded seqe. (1,1,1,...) €1~ but

%(1)n == (111..)el"vVp21=U 1P c 7.

(©) BO.D=1yeX:d (x,y)<l}={x}
B(x. D) ={yeX:d (x,y)<1j=X
C(x,2)={yeX:d.(x,y)=2}=¢

Question(2):

(a) To prove that (I” , || . Hp) is a B-space we have to prove that (I°,d )is a complete metric space

and | .| isanormon I, where d (x, y):Qxi — yi\p)up.
(b) Banach contraction mapping theorem states that :
“Every contraction mapping on a complete metric space has one and only one fixed point “
/
(@ [xl, = (el il J < o+ e + )= ®
2 2 2 2
1 1% 3l =M 2 3 1] A2 1]| 73 2|| N3] =
(e s 7 = o 20 x|+ 20, ] + 20, [, < (3)
1 /
<3l bl )=l <l b e e =], @
1

from @).(2) | x], <[ x], [ x],

Question(3):




(a) Theorem

" 1/2
BT 17T (X, X X X2 =(0,0,..,0, X, ) = [ T(X) | :(;‘Xi‘zj =[x|, =T

Is bounded and it is easy to show that T is linear . i.e. T is continuous .
(c) We have to prove that for any (a, +b,)and (a, +b,) in A+ B,
A, +b)+@2-A)(a,+b,)e A+B ¢D)
But the L.H.S of (1) is
(la,+(1-A)a,)+(Ab +(1-A)b,)c A+B

@ @
as both Aand B are convex .

Question(4):

(a) We have to prove the i.p. (u,v) =xy, +2X,Y, satisfies the axioms of the i.p.

(b) L'={yeH ({y,x)=0V xe L}. Let X, yel = (Ax+y,2)=A(x,2) +(y,2)=0+0=0 Vzel
S AX+yel'=L*<H.Toprove that L'is closed , we have to prove that L c L.

Let x el*=3 aseq. (x)in L'ix —x :><xo,z>=<lnimoxn,z>=Inigl<xn,z>:0 where

zeH=x el = L'isclosed.
(c) (i) xnlxo = f(x,)—> f(x), f e X', butsince (f(x,)) is a sequence of real numbers, it
follows that f(x, ) —> f(x)=> X, —X.

S
(i) x »x =

X, —X_|—>0asn— oo butsince |f(x,) > f(x)[<| f||x,—x|—>0asn—o




